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Abstract 

We consider CFTs conjectured to be dual to higher spin theories of gravity in AdSs and AdS4. 
Two dimensional CFTs with Wat symmetry are considered in the A = (fc — >■ 00) limit where 
they are conjectured to be described by continuous orbifolds. The torus partition function is 
computed, using reasonable assumptions, and equals that of a free field theory. We find no phase 
transition at temperatures of order one; the usual Hawking-Page phase transition is removed 
by the highly degenerate light states associated with conical defect states in the bulk. Three 
dimensional Chern-Simons Matter CFTs with vector- like matter are considered on T^ , where 
the dynamics is described by an effective theory for the eigenvalues of the holonomies. Likewise, 
we find no evidence for a Hawking-Page phase transition at large level k. 
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1 Introduction 



Higher spin holography provides a simple and elegant framework to probe our understanding of 
quantum gravity. In four dimensions, the simplest version of this duality relates the singlet sector 
of the three dimensional 0{N) model with Vasiliev's higher spin theory of gravity in AdS4 [HEllH]. 
The singlet constraint is implemented by coupling to a Chern-Simons gauge theory with large level 
[3]. In lower dimensions, minimal conformal field theories with Wn symmetry are related to similar 
higher spin theories of gravity in AdSa [51 E]. In both cases, the relative simplicity of the duality 
makes possible a variety of precise checks. The boundary theories are potentially exactly solvable 
due to the presence of an infinite number of conserved charges. Likewise, the gravity theories - 
while complicated - appear simpler than full string theory in AdS. 

Perhaps the most notable feature of these dualities is the apparent paucity of bulk degrees of 
freedom. There are higher spin fields present but no conventional strings. But these higher spin 
theories contain more than higher spin fields. They contain so-called "light states" [71 [8l [9| 110]. 
In the AdSs context these correspond to twisted states in a continuous orbifold description of the 
boundary theory jllj as we will review below. They have a bulk interpretation as "conical defects" 
|16| . In the AdS4 context, when the spatial boundary is T^, these states correspond to Chern- 
Simons holonomies interacting with the vector-like matter |10| . In the gravitational dual theory, 
these are likely described by a topological closed string sector, while the Vasiliev degrees of freedom 
form an open string sector [T71 [THl dH • 

The goal of this paper is to understand the effect of these light states on the thermal behaviour 
of these theories. It is dramatic. We will argue that these states smooth out the Hawking-Page 
transition, at least in a limit. 

To study such thermal phenomena in the boundary field theory, we put the theory on Euclidean 
spaces with a compact time direction. In particular we will compute the partition function of Wn 
minimal models on x = in the limit of small 't Hooft coupling A. We will likewise study 
the partition function of three dimensional Chern-Simons theories with vector matter on x 
in the limit of large Chern-Simons level. 

The explicit computations rely on the conjecture that for A — t- the Wat minimal model is 
described by a continuous orbifold [II]0 This gives a rather simple interpretation of the partition 
function as a gaussian path integral which can be computed exactly, albeit with some subtleties 
in the integration measure. In section [2] we will show that the partition function equals that of 
— 1 free bosons. To corroborate the conjecture and justify our assumptions we show that the 
low dimension part of the continuous spectrum of this free theory matches with the light states of 
the Wat CFT as A ^ 0. 

Our analysis shows explicitly that for the continuous orbifold theory the partition function (and 
its derivatives) is a smooth function of temperature. From the bulk gravity point of view this is 
a surprise. The AdSs theory has black hole solutions [201 l2Tl I22j . The entropy of the boundary 
Wtv theory agrees with the Bekenstein-Hawking entropy of these black holes at sufficiently high 

^Further evidence for this conjecture is given in [1211131 [141 1 15| . 
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temperature |231I24]. In AdS gravity, the formation of such black holes is typically associated with a 
Hawking-Page phase transition [25]. During this phase transition the theory jumps from a thermal 
gas of perturbative states in AdS (with entropy of order 1) to a black hole phase (with entropy of 
order N). In the dual gauge theory, this is interpreted as a transition between a confined phase at 
low temperature and a deconfined phase at high temperature [26]. The Wn theory, on the other 
hand, appears to be in a deconfined phase, with entropy of order A^, at all temperatures. 

Unfortunately, it is difficult to extend this to the finite A case. It is not obvious that the 
CFT spectrum is analytic with respect to A, and therefore we cannot blindly extrapolate our 
results. Nevertheless, the effect of the light states is universal; even at finite A the entropy at low 
temperatures is of order N. Thus there is no conventional Hawking-Page phase transition, even at 
finite 't Hooft coupling. This does not rule out the possibility of some other sort of phase transition 
at finite A. 

In the 2+1 dimensional boundary dual to AdS4 we find a similar story. On x we argue that 
the absence of a Vandermonde determinant in the measure for holonomies indicates the absence of 
a finite temperature phase transition, at least for large Chern-Simons level. Here the holonomies 
allow non-singlet matter states even at low temperatures, giving an intuition for the smoothing out 
of the Hawking Page transition. 

The bulk interpretation of these results requires a better understanding of both AdSa and 
AdS4 higher spin gravity. There is no phase transition between an AdS ground state and a black- 
hole solution. Instead, there should be a continuous family of solutions that smoothly interpolate 
between these saddlesl§ This should be described by an appropriate moduli space of solutions in 
Vasiliev theory (and in AdS4 its completion). The light states behave like a quantum mechanical 
system, rather than a local field theory. Our understanding of their geometrical and topological 
nature is incomplete. In AdSs, the light states are classically described by conical defects. In AdS4, 
on the other hand, the light states should be related to a topological closed string sector which 
couples to the open-string Vasiliev fields [TTJ [THl [19]. 

The organization of the paper is as follows. In section [5] we compute the partition function of 
the Wn minimal models in the A — )■ limit. The continuous part of the spectrum, due in part 
to light Wn primaries, contributes logarithmically to the entropy of the system but dominates for 
finite temperature at small enough A. In section [3] we interpret these results in the dual AdSa 
higher spin theory. In section [5] we discuss the analogous behavior for vector-like CFTs in three 
dimensions. We end in section [5] with a discussion of our results and their implications for the 
geometrical interpretation of Vasiliev's theory. In appendix |A] we compute the measure of fiat 
connections used in section [2j In appendix [B] we compute the free energy and phase structure of a 
gas of Wn descendants. 

^Indeed, in AdS4 it is not known if black holes with appropriate boundary conditions exist, though it may be 
possible to construct such solutions by giving the Vasiliev connection non-trivial holonomy. See |27ll28j for a discussion 
of AdS4 higher spin black holes. According to the free energy of the boundary CFT, the Hawking-Page transition on 
a spatial occurs at a Planckian bulk temperature [29j . 
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2 Free theory analysis in (1+1) dimensions 



In this section we will compute the partition function for 2D minimal models with Wn symmetry 
and zero 't Hooft coupling. Our goal is to understand the phase structure of the CFT and its 
implications for the phase space and entropy of the dual gravitational higher spin theory. 
Wn minimal models are coset WZW models of the form 



SU{N)k X SUjN), 

The central charge is 



(2.1) 



The 't Hooft limit is defined by the large and k limit, where the 't Hooft coupling 

is held fixed. In this limit the central charge becomes large and the theory is expected to be dual 
to a bulk higher spin theory [5] . 

When A —7- 0, i.e. A; — t- oo with N fixed so that the central charge approaches c = {N — 1), 
there is evidence that the theory is described by a continuous orbifold (see also jl2j). It is the 
SU{N)/Zn orbifold of iV - 1 bosons on the torus M^~V^Af-i> where An_i is the SU{N) root 
lattice. This was shown explicitly for = 2 in [11]; here we will proceed under the assumption 
that the proposal is correct for any value of N% 

We consider the partition function 

Zn{t) = Trg^og^o, q = e^^'^ , (2.4) 

where 

r = Ti+iT2 = —{e + if3), (2.5) 

ZTT 

is a complex linear combination of the angular potential and inverse temperature /3. Since the 
CFT is rather simple, it is not difficult to write the partition function as a path integral. The 
partition function is 

ZN{r)= [ dUdVZ,s{U,V,T) , (2.6) 

Juvu-w-^=i 

where Z^s is the partition function of — 1 bosons on M^~^/^7v-i with boundary conditions 
twisted by U and V in the space and (Euclidean) time directions, respectively. The integral is over 
commuting SU{N) holonomies U and V. 

As the holonomies commute we can take them to be simultaneously diagonalizable; we denote 
the eigenvalues e*'^^ and e"^^^ , j = 1 . . . N — 1, and assemble them into vectors 'i/' and x- To compute 



''The analysis in section [27T] provides further evidence that the coset construction for A = is indeed a free theory. 
We will elaborate more on this below. 
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the measure in (j2.6p . we treat the holonomies as SU{N) gauge fields and take the gauge coupUng 



to zero. In appendix |A] we compute the integration measure in detail using this approacho The 
answer does not contain any Vandermonde determinants, so 



dUdV = / • (2.7) 



u 

2 

We have denoted the integration range by T, the maximal torus T C SU{N). One should in 
principle be careful about the integration range, as we must take into account both the Z^v factor 
as well as that of the Weyl group Sn on the eigenvalues. However, the integrand Zcs{t) is invariant 
under the actions of Z^r as well as the action of the Weyl group. Thus these will only contribute 
an overall r-independent factor to the integral. We will ignore these and all other r-independent 
factors, which can be absorbed into the path integral measure. 

We now compute the effective action Zcs = ■ Denote by X G ]R^"^/Ajv-i the free bosons 
on the SU{N) torus. The classical solutions to the equations of motion are labelled by momentum 
and winding numbers n and w which take values in the lattice A^-i 

X(z + 27r, z + 27r) = X(z, z) + 27rw , 

X(z + 27rr, z + 27rf ) = X(z, z) + 27rn , (2.8) 

and hence 

^n,v,{z,z) = -— {n{z - z) +w{tz - fz)) . (2.9) 
The classical action of such a solution is 

5n,w = 7^ / aXn.w5Xn,w = - |n - Twj^ . (2.10) 

2vr J T2 

To include the effect of the SU (N) holonomies, recall that the gauge transformations in the maximal 
torus T C SU (N) generate translations in X. Effectively we are shifting the momentum and winding 
in (USD by 

27rn 27rn + , 2ttw ^ 2ttw + x ■ (2.11) 
Thus the classical action with twisted boundary conditions is 

2 

(2.12) 



5'n,w(V',X) = — 
T2 



, V' X 

n H rw — r — 

2tt 2-k 



so that 

Zeff = V ^ _ e-gn.w(V>,x) . (2.13) 
V det dd 

Note that the one loop determinant is independent of the choice of classical solution (i.e. n and 



*It is not obvious that this prescription for defining the integration measure is unique, and we have no strong 
evidence of uniqueness. However, our answer is compatible with all the symmetries of the orbifold CFT, and most 
importantly gives a modular invariant partition function. 
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w) because the path integral is gaussian. Moreover, up to a r-independent constant, it is equal to 
the N^^ power of the determinant of a single free boson 

(2.14) 



Vdetdd r^^"^^/^(w)^-i ' 

and is independent of ip and x- Here rji^r) is the Dedekind eta function. 
Combining <^1^, (I2l3]) and (plij) with ([22]) we obtain 



Zn = -iv^"*" f dipdx exp ( — 



n H rw — T — 

2tt 2tt 



(2.15) 



Note that x ^md w only appear in the combination x + 27rw, and analogously for n and 'ip. We can 
combine the integral over x with the sum over w by shifting the integration variable X ~^ X + 27rw 
so that 

dx{...). (2.16) 



In the first line denotes the shifted range of integration. In the second line we have used the sum 
over w to decompactify the range of x integration. We can now perform the same manipulations 
for the n sum and the ip integral to obtain 

^^(^) = iN-i)/l , / dVdxe"^'^-"^'' . (2.17) 

The integral over and x is a finite constant independent of r. Hence, the r dependent part of 
the partition function is 

This equals the partition function of — 1 decompactified free bosons. 

This demonstrates that the spectrum of the continuous orbifold theory - and hence the thermo- 
dynamics - equals that of — 1 uncompactified bosons. However, the two theories certainly differ 
at the level of correlation functions. Nevertheless, this computation establishes that the theory has 
no phase transition in the large N limit. 

We should mention that the partition function is infinite due to the zero modes of the scalars. 
However we can systematically divide out this divergence (which is independent of the conformal 
structure r), and analyze the finite contribution given by (j2.18p . The normalization of equation 
(j2.18p can be fixed by comparison with the spectrum of light states of the Wat minimal model, as 
we will now see. 
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2.1 Spectrum revisited 

We found that the partition function in the A — )• Umit of the Wn minimal equals that of — 1 
uncompactified bosons. In particular the power of T2 in (j2.18p reflects the continuum of operators 
gik-x ^j^^ contributes to the total entropy of the system logarithmically in T. More explicitly, in 
the low temperature and large N regime, we find 

logZjv- ^r-i + ^iogr + ... , (2.19) 

where ". . . " correspond to subleading contributions in N and T; the first term is the contribution 
from the ground state. The logarithmic term is subdominant at sufficiently low temperatures when 
T ^ 1. If instead we are in the regime T < 1, the continuum part of the spectrum is non- 
negligible and the contribution to the entropy scales with A^lfl It is worth highlighting that the 
logarithmic correction to the free energy is the first indication of a departure from the Cardy regime 
for T ~ 0(1); this will be relevant when we discuss the gravitational interpretation of our results. 

In our derivation we have not made use of the Wn coset construction of the theory. Thus it 
is unclear which features will persist at finite A. Moreover, it is not clear that the spectrum is 
an analytic function of A. This leaves room to speculate that the lack of a phase transition in 
the partition function (j2.18p is an artifact of the free theory limit rather than a generic feature 
of the theory. However, in the following we will relate the continuum part of the spectrum to 
the corresponding Wn primaries, and provide a simple extension of our results for A = to the 
finite caseO This will also provide an interpretation of the logarithmic growth (|2.19|) which is in 
accordance with the results reported in |10] . 

In general, states can be labelled (in the Drinfeld-Sokolov representation) by pairs of represen- 
tations of SU{N), say (A+,A_) (see e.g. for a review). As was discussed earlier by [3 [HI [9], 
there is a class of states with A+ = A_ = A whose weight is given by 

Here C2(A) is the quadratic Casimir of the SU{N) representation A. In terms of Young diagram 
data, we have 

A^ = r^-^, B = Y,ri, (2.21) 

i 

where rj is the number of boxes in the i-th row of the Young diagram, and the are ordered. The 
quadratic Casimir is 

C2{k) = Y,nh ^^ = ^^ + ^-^-^- (2-22) 



^Again, we warn the reader that strictly speaking the entropy of the system is infinite. However, this divergence 
is independent of temperature. This will become more explicit in the following derivations. 

®We do not attempt to give here a rigorous analysis of the spectrum for general A. This should be done carefully, 
and there is indication that it can be done in much more detail than the discussion provided here |30) . 
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Note that the set of integers (nj + B/N) are distinct and there is no repetition among them. We 
will therefore take ni > n2 > • • • . In the following, we will shift C2(A) by a constant such that the 
empty Young tableaux has weight zero. 

The distinctive feature of the states /i(A, A) is that for finite B (i.e. finite number of boxes) the 
weight goes to zero as k go to infinity; no other primary states in the spectrum have this feature. 
The states h{A,A) are the so-called 'light states,' which form a continuum near the ground state0 

The contribution of these light states to the partition function can be approximated as follows. 
Let A = h{A, A) be the dimension of a given state. We want to consider A ^ 1 but fixed as 
/c — )■ oo. Equivalently, we want /3 fixed and large as A; — )■ oo. Thus we want to study C2 < fc^, so 
that rii <k. 

Next, we can treat (roughly) the rij as equal to rj with some offset as A; ^ ^ 1. The offset ^ 
acts like a center of mass coordinate for the rj, and the ni can be thought as relative coordinates. 
The rij add up to zero, but this is just one constraint on N variables, so we will ignore it. Integrating 
over the center of mass gives an extra volume factor which will be of order k which we ignore also. 
The range of nj (which can be positive or negative) is of order k and is large compared to the 
relevant scale determined by A, which is \fKk. Still there is an ordering on the nj inherited from 
()2.22p . The partition function becomes 

n.j ordered 



Define 



k 

Then we can take a continuum approximation as A; —t- 00 



X. = ^ . (2.24) 



Z = k'^ ^ dxi / dx2 ■ ■ ■ / (ixAT-iexp — /S^^: 

J — 1 J J Xi ordered \ ^ 

J dxi J dx2 ■ ■ ■ J dxN-i exp | —j3 xj j (2.25) 




_k_ 

(iv-i)!y„i 

In the second line we removed the ordering by taking the unordered integral and dividing by 
{N — 1)!. From here it follows that at low temperatures (/3 large) and large we obtain 

_L(A:2t)^/2 . (2.26) 

We emphasize that the power law behavior will breakdown at some T < 1. The integrals in ()2.25p 
are well approximated by gaussians only for (3 large when compared to the volume spanned by the 
XiS . This will be important when we compare our estimate in (j2.26p to numerical data. 



^There are also representations where A scales with k, hence not all states with A-|- = A_ — A are truly 'light' 
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Figure 1: The density of liglit states p(A) for large k, denoted by plusses. From left to right we have 
(iV = 3,fc = 10^), {N = 4,k = 500) and (iV = 5, fc = 100). The dashed line corresponds to the fit 
p(A) ~ The sharp deviation at large A indicates that, above a critical value of A, non-light states 

give important contributions to the spectrum. 



The entropy attributed to the light states (excluding the ground state contribution) is then 

S ~ logZught = Y logik'T) - AT log AT = ^ log(T/A2) , (2.27) 

in the large A^ limit. Therefore, according to (j2.25|) and (j2.27p . the density of light states as a 
function of energy is well approximated by p{A) ~ A^^~^-*/^ for small values of A. (Here we have 
given the correct finite A^ expression.) This matches precisely the density of states of a A^ — 1 
uncompactified bosons, so provides a non-trivial check of the continuous orbifold result (j2.18p . 

We can check this analysis by directly computing the spectrum of light states for small A^ and 
large k. For N = 2 (Virasoro unitary minimal models) this can be done analytically. The primary 
states are labelled by pairs of integers (r, s) with (see e.g. [31] ) 

The light states (j2.20p are those with r = s. It is easy to check that as A; — t- oo the density of these 
states behaves like p{A) ~ A~^/^ for small A. It is important to note, however, that the light states 
with r = s correctly reproduce this expected density of states only up to A = 1/4. In order to 
reconstruct the continuous orbifold result p{A) ~ A~^/^ for A > 1/4 one has to include "non-light" 
states. For example, the states with r = s + 1 have dimension A > 1/4 and also contribute to the 
continuous spectrum. 

In order to extend this discussion to A^ > 2 we numerically computed p{A) for the light states. 
We evaluated C2(A) for all allowed representations for A^ = 3, 4, 5 and large values of k. In Figs. [1] 
and [2] we display our results. The density of light states perfectly matches the continuous orbifold 
result p{A) ~ for small values of A. Above a finite value of A the light states fail to 

match the expected density of states. The critical value of the dimension - the N > 2 analogue of 
the A = 1/4 point for the Virasoro minimal models - can be estimated numerically from Fig[TJ 

This is not a surprise. Just as in the N = 2 case, we expect that states with A_|_ ^ A_ 
will give important contributions to the spectrum above a certain critical value of the dimension. 




10"' 



10"' 



T, N=3 



k=1000 X 
k=2000 X 

10-^ 



10" 




T, N=4 



Figure 2: Z as a function of T for = 3, 4. Scale on botli axis are logaritlimic. Tlie straight line is the fit 
log Z = (iV - l)/2 log T + constant. 

Without attempting a rigorous study of these non-light states, it is easy to see why they should 
give additional continuous contributions to the spectrum in the A; — t- oo limit. In the language of 
highest weight representations the dimension of a state can be written as 

/.(A+,A_) = ^-^i^(|(p+l)(A+ + /))-p(A_+p)p-p2) , (2.29) 

where p is the Weyl vector of su{N). Here p = N + k and we have added an overall normalization 
constant so that /i(0, 0) = 0. 

We want to study the large p limit of this formula. Let us consider states with Aq = A_|_ — A_ 
fixed and finite as A; — t- oo. As in (|2.24|) . we define 

X = ^ , (2.30) 
P 

which will be treated as a continuum variable in the large k limit. As we take k ^ oo the range of 
A_(_ is roughly bounded by k, hence we can view X as a vector whose components are continuous 
degrees of freedom of order one. The weight (I2.29P becomes 

^(-^. Ao) = J {\pX+pAo + - p') I|x + Aop + O(p-1) . (2.31) 

■^V-^ A(] fixed 

Thus a new continuum of states develops, now built on a ground state of positive dimension. Indeed, 
this is exactly the behaviour predicted by Fig. [TJ It would be interesting to study in more detail 
the behaviour of the non-light states, and in particular to provide an analytic derivation of the 
critical dimension for the non-light states. 

To summarize, as /e — )• oo, the light states of the Wn minimal models are the source of the 
power law dependence in T2 for at small temperatures. Their contribution to the entropy grows 
like f log(r/A2). The divergent piece in the limit A = is the characteristic infinite entropy due 
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to the zero modes of the free theory hmit. 



3 Implications for AdSs Higher Spin Gravity 

The behavior of the entropy (j2.27p is not typical of classical gravitational theories. In this section 
we will discuss the bulk interpretation of the logarithmic corrections to the entropy. This will have 
implications for the Hawking-Page phase transition for AdSs higher spin gravity. Most importantly, 
they indicate that the Bekenstein bound is violated in the bulk gravity theory. 

Before discussing the classical spectrum of the higher spin theory, we will review the basic 
mechanism of the Hawking-Page phase transition in AdSa [25]. We will discuss which conditions 
lead to the removal of this first order phase transition and discuss which features of the spectrum 
are responsible for this effect. This will provide some guidance for the comparison with the CFT 
partition function. 

For simplicity, we set to zero the angular potential 9 and all other chemical potentials, and 
consider the free energy as a function of inverse temperature /?. At any fixed temperature there are 
two relevant classical saddles: thermal AdS and the BTZ black hole. This statement is independent 
of the specific matter content of the theory, as the BTZ black hole is a quotient of AdSa and hence 
is guaranteed to be a solution of any gravitational theory in AdS [32l[33]. Further, the saddles are 
modular images of each other, with the thermal AdS saddle at inverse temperature /3 the modular 
transform of the black hole at 47r^//3. If there is no exotic matter in the gravitational theory -e.g. 
scalar hair or higher spin fields- the classical limit of the gravitational path integral is dominated 
by the free energy of these two solutions 

^grav(/3) = e'^'^ + e^-V/3, (3.1) 

where 

c = 24k = — »1, (3.2) 

with i the AdS radius and G Newton's constant. For the vector-like holography under consideration, 
we have c ~ so that the Planck length scales as G ~ A^^^. Up to numerical factors, in the large 
N limit we have 

.si , X f -A^ for /3>27r 

F /?) = --logZ„av(/3) ^ < .2 . (3.3) 

P ^ N^oo I -N^ for /3 < 27r ^ ^ 

At /? = 27r there is a discontinuity in the first derivative of F. This is the Hawking-Page phase 
transition. We emphasize that in order for this phase transition to occur, the free energy must be 
dominated by the vacuum contribution for all f3 > 27r, i.e. 

lim ^F(/3 > 2tt) = constant . (3.4) 

Note that ()3.4p always holds at sufficiently low temperatures, e.g. if we scale temperature as 
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/3 ~ 0{N). This follows from the existence of a gap in the spectrum above the ground state. 
However, the requirement that (j3.4p holds up to temperatures of order one is a highly non-trivial 
constraint. 

We now reconsider this derivation for the higher spin duals to the 't Hooft limit of the Wn 
minimal model. In the bulk we are studying a Vasiliev theory with gauge group /is [A]. The theory 
contains an infinite tower of higher spin fields and one complex scalar with mass = — 1 + A 
in AdS units. We will not consider the scalar field in this discussion; the higher spin sector is 
then described by a pair of /is [A] Chern-Simons theories. The local fields for the graviton (metric) 
and higher spin analogues can be constructed by the appropriate contractions of the Chern-Simons 
connections [Ml ESI EH EZl [38] . 

The classical phase space of the higher spin theory is defined as follows. It corresponds to 
the set of Chern-Simons connections that satisfy AdS fall-off conditions; this is analogous to the 
Brown-Henneaux boundary conditions for pure AdSs gravity [39]. The solutions also have to be 
smooth, i.e. the connection has to be globally well defined. In the Chern-Simons language this 
naturally translates to having trivial holonomy around contractible cycles; see |2H H0| for a 
complete discussion of this condition. 

The authors in [16] found a family of novel solutions to SL{N) higher spin theories which 
satisfy this conditionO These solutions resemble conical defect geometries in a particular gauge. 
The description of these solutions as conical singularities is somewhat artificial since the solutions 
are - in every gauge-invariant sense - smooth, but we will continue to refer to these solutions as 
conical defects. The conical defects have an interesting feature: they are characterized by a set of 
N fractions nij such that 



771 

N 



rui = nii — TT , 771 = rhi , (3.5) 



rhi G and further with the constraint that rrii ^ mj for i ^ j- Their energies are given by 

c 

"iV(iV2-l)^"^-"^ ' ^ 



E = -T7777^-rT^^2(m) , C2{m) = yZm^ ■ (3-6) 



The solutions also carry higher spin charges; see |16j for further details. 

SL{N) Chern-Simons theory is a semiclassical theory with large central charge c and fixed A^. 
This is not in the regime of validity of the Wn minimal models since by construction in the CFT 
we have c < A — 1. Still, we can interpret the conical deficits solutions in the dual CFT as follows. 
If we compare the Young tableaux construction of the light states (j2.20p with the spectrum of 
conical defects, we can identify rrii = rii in ()2.22p . The couplings in front of ()2.20p and ()3.6p seem 
to disagree. This is an artifact which arises because the two expressions are written in different 



Ideally one should perform the analysis of smooth classical solutions directly for hs[S\ rather than in SL{N). 
Unfortunately this is a difficult task: /is [A] is an infinite dimensional algebra and there is no practical definition of 
the holonomy of a connection. 
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regimes of validity. Using (j2.2p , we can rewrite (|2.20p as 



/i(A,A) 



C72(A) _ N-l-c 



C2(A) . 



(3.7) 



{N + k){N + k + l) N{N^-1) 



The authors of [42] showed that the large c and fixed limit of the minimal models is math- 
ematically well-defined and can be implemented as an analytic continuation of the couplingslfl 
Implementing this here, it is clear that the large c and fixed A^ limit of (j3.7p exactly gives (j3.6p . 
As shown in [16] , the higher spin charges of the light states and conical defects match in this limit 
as well. 

To summarize, the bulk theory contains a large set of solutions - conical defects - which are in 
one-to-one correspondence with the light states of the boundary CFT. The computation of the path 
integral for higher spin gravity matches the computation of the free energy of the CFT, at least 
at low temperature. In particular, the conical defects with C2{m) finite should condense around 
thermal AdS in the hs[X\ theory, forming a continuum in the spectrum. Hence the path integral 
around thermal AdS will be corrected, just as in section 12. li The free energy of the higher spin 
theory for small temperature is then given by (j2.27p 



Although we can account in the bulk for the thermal behaviour of the light states, recall that for 
A = there are additional non-light states that contribute to the continuum spectrum, such as 
those of the form ()2.3ip . It would be interesting to understand the gravity interpretation of these 
states. 

The behaviour (j3.8p differs significantly from the free energy of a classical gravitational theory 
(j3.3p . It is clear that (|3.8p does not obey the condition (j3.4p : there is no Hawking-Page phase 
transition. A consequence of this observation is that in higher spin gravity a given classical saddle 
never dominates the free energy at finite temperature. The condensation of light states smears out 
the phase transition. This indicates that it is impossible to attribute the thermodynamic behaviour, 
and hence the entropy, to any individual saddle; one can not isolate the contribution of classical 
solution to the free energy. Of course, if we scale T with A and/or N then the thermal AdS or BTZ 
black hole will dominate the free energy, but not in the sharp sense defined by the Hawking-Page 
phase structure. 

A curiosity in this analysis is the apparent violation of the Bekenstein entropy bound. The basic 
intuition that motivates the holographic principle is that entropy in the bulk theory is proportional 
to area rather than volume. This is equivalent to a linear dependence of black hole entropy on T in 
three dimensional gravity. Our findings contradict this statement. The conglomeration of classical 
conical defects contributes a large amount of entropy, in particular a log T degeneracy per planck 
length G ~ . If the behaviour is geometrical, the effective size of the gas of conical deficits is 

®The analytic continuation makes c independent of N , so in this limit c does not necessarily scale with N . Further, 
the CFT is no longer unitary in this limit; this is evident from the negative sign in (|3.7fl for c > N. 



i^Hs(/5) = Fn{(3) 



«log^iv(/?) 



N 
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not linear with length or temperature: each individual conical deficit in the bulk will have some 
small entropy proportional to its size, however the ensemble of them gives rise to a continuous 
spectrum with logarithmic growth that dominates the semi-classical entropy. 

These conical defect solutions, and in particular their condensation into a continuous spectrum, 
appear to be special to higher spin theories. We are not aware of other Einstein-like theories of 
gravity which display a similar pattern. The thermodynamic properties of higher spin gravity do 
not resemble the universal features of general relativity and black hole physics. 

However, this logarithmic growth is typical of the spectrum of classical string world sheet 
solutions in AdSa [l3]; long string states also form a continuous spectrum, mimicking some aspects 
of our discussion. The novelty of the higher spin theory is that the density of light states scales 
with N, making them abundant in the semiclassical limit. In contrast, the scalar representations of 
jS'L(2,M) -which represent these long string solutions- have a density of states that is independent 
of the coupling. 

4 Chern-Simons Matter analysis in (2+l)-dimensions 

There are close similarities between the thermal behavior of the Wn theory discussed above and 
that of SU{N) Chern-Simons theory coupled to fundamental scalar matter on a spatial torus T^. 
This system has light states [10] described by a global quantum mechanical system with holonomy 
degrees of freedom that at low energies is just given by harmonic oscillators with h = 1/k. Here 
k is the Chern-Simons level. The semiclassical partition function is the product of two integrals of 
the form (j2.25p . one for the N momenta and one for the N positions. These give a low temperature 
entropy 

S = Nlog{T/\), (4.1) 

where A = N/k is the 't Hooft coupling^ This is analogous to (|2.27p after noting that the gaps 
here are of order A rather than A^. 

To study the finite temperature partition function at large k we can first write the pure Chern- 
Simons partition function in terms of holonomy eigenvalues and then include the effects of the scalar 
matter. On 5^ x the Vandermonde determinant causes eigenvalue repulsion while the scalar 
action favors all eigenvalues to be at the origin. These effects balance at a Gross- Witten-Wadia 
phase transition at a temperature of order y/N [29l H] . 

On X the situation is quite different. There is no Vandermonde determinant for the 
eigenvalues in the pure Chern-Simons theory [44 1 [l5] and so no balancing forces on the eigenvalues 
to cause a phase transition. So we conclude that at least in the limit of large k there is no phase 
transition in this system on a spatial . The eigenvalues of the "thermal" circle are concentrated 
around the origin and so the system behaves much like one without a singlet constraint imposed. 
This absence of phase transition is analogous to the Wn result discussed above. To extend this 
argument to large but finite k it will be necessary to study perturbative corrections to the measure 

^"^Here we have given the result for the critical scalar theory. 
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on holonomies. We have not done this, but we do not expect a quahtative change. 

An intuitive reason for the difference between spatial 5^ and is the following. The Gauss 
Law constraint is, schematically: 

kF^2=jS, (4.2) 

where Ff'2 is the gauge field strength and Jq is the scalar charge. On 5^ the only solution at large 
k is j'g = 0, i.e. scalar singlet states. One has to go to temperatures T ~ \/]V to make this singlet 
constraint unimr jortant [29ll5. On however the presence of almost flat connections allows states 
with Ff'2 ~ These satisfy the Gauss Law constraint with nonzero jg. So non-singlet scalar 

states are allowed. The presence of these states allows a smooth evolution to the high temperature 
NT'^ unconstrained scalar entropy. 

5 Discussion 

The geometric interpretation of higher spin gravity remains puzzling. Among other issues, we must 
understand the black holes of the theory. In AdSa higher spin theories we have a sharp definition 
of the classical solitons, and thus explicit black hole solutions. In particular, it is also understood 
how to describe solutions carrying higher spin charges. A non-trivial test of vector-like dualities in 
AdS3/CFT2 is the exact agreement between the thermodynamics of the higher spin black hole and 
the high temperature spectrum of the CFT |23^ l24j. The black hole carries higher spin charge, thus 
additional sources are turned on in the CFT partition function. The high T density of states is 
determined by the modular properties of the partition function with arbitrary number of insertions 
of the zero mode of the higher spin charge. 

However, the theory remains enigmatic. In particular, other (apparently non-black hole) gravi- 
tational solutions are important. For instance, in AdSs higher spin gravity there are more smooth 
classical solitons - the conical defects- than is usually the case in gravitational theories. These 
solutions are crucial for the Wn minimal model correspondence proposed by [5], as these conical 
solutions are in one-to-one correspondence with the light primary states of the dual theory |16^ B2] . 
We have explored the effects of this light sector on the thermodynamics of the system. Our results 
reveal a novel feature of the bulk states, that they smooth out the Hawking-Page phase transition. 
It would be interesting to study the higher genus partition function of Wn CFT, and investigate 
whether the higher genus version of the Hawking-Page transition is smoothed out as well. 

To understand the disappearance of the Hawking-Page transition in AdS3/CFT2, we evaluated 
the partition function at A = using the description of the WZW coset (j2.ip as a continuous orbifold 
CFT. We emphasize that this is a conjecture; there is no proof that the Wn theory reduces to this 
specific free theory at zero coupling. Our analysis in section 12.11 gives further evidence for this 
conjecture. We have matched the spectrum of the light states to the continuous spectrum of the 
free theory. 

The consequences of this smoothed transition are significant. The light states have an entropy 

^^Schematically, kFi2 = f'^'"'Q°^P'' where Q" and P" are canonically conjugate holonomies \TU\ . 
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of order log(T), rather than T. This indicates that these states are quantum mechanical rather 
than field theoretic. They do not correspond to "local" degrees of freedom. In the AdS4 case, 
these states appear to be topological in nature. In the continuous orbifold theory, the light states 
effectively behave as the zero mode of the — 1 uncompactified bosons, which is the quantum 
mechanics of the continuum of operators e*'' -^ in the free field theory language. 

The presence of a continuous spectrum is novel but not disturbing. The shocking news is that 
there are a lot of them. In fact the entropy of these states dominates the entropy until a temperature 
where A^log(r/A2) ~ NT. This gives a scale 

To ~ log(l/A2) + . . . , (5.1) 

at small A. It will be important to understand the physical meaning of this scale. One possible 
approach would be to examine the bulk conical deficit solutions in the presence of a BTZ black 
hole. In a particular there has to be a dynamical mechanism that predicts the crossover in the bulk. 
Since the scale (|5.1|) is governed by the 't Hooft coupling, which also fixes the mass of the scalar in 
Vasiliev's theory, it might be necessary to include backreactions from the scalar field in the analysis. 
This field also adds local degrees of freedom - recall that /is [A] Chern-Simons is topological - and 
hence might be a natural mechanism for the "gravitational collapse" of a gas of conical deficits 
into a black hole. We emphasize that these last remarks are highly speculative, and to address this 
properly we must construct a representation of the conical solutions in the /is [A] theory. 

The situation in AdS4/CFT3 is somewhat similar. The partition function on x has a 
similar crossover and hence no phase transition. The entropy of the lights states is A^log(T/A). 
The unconstrained scalar field (or conjectural black hole) entropy is NT^. So the crossover is at 
To ~ ylog(l/A). In the case of x the scale is even higher. Here the entropy of the light 
states is N"^ log(r/A) so the crossover temperature is Tq ~ ^A^log(l/A). 

The bulk interpretation here is likely related to the observation that the light states found in 
|1U| are described by a topological closed string sector of an open-closed string theory where the 
Vasiliev excitations are open string states [T7 1 [TSt [T9]. 
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A Measure factor 

Our goal is to compute the integration measure of the path integral (j2.6p . A convenient way to cast 
the integral over the SU{N) holonomies U and V is by treating them as components of a SU (N) 
gauge field and taking the gauge coupling to zero. The action for SU{N) gauge fields is as 



where g is the gauge coupling. The discussion follows [36] ; the only minor difference is the inclusions 
of matter fields. 

We compactify the two dimensions on a torus of radii i?^. We first characterize the zero modes 
of our theory, i.e. the modes whose action vanishes. The zero modes for consist of diagonal 



for {m^} labelling the modes of the fields around the two cycles of the spacetime torus. Then the 
action to quadratic order is 




(A.l) 



matrices with eigenvalues ■0^, i.e. 




(A.2) 




(A.3) 



where Ai/'jj = — is the difference of eigenvalues. We now want to integrate out the gauge 
field KK modes A^,^, , . The naive result will be 1/ det M where M is a 2 by 2 matrix that can 
be written as 



M = (D^D) I - DD 




(A.4) 
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The eigenvalues of this matrix are and ^ ({A'il;f')jj - . The existence of a vanishing 



eigenvalue is an indicator that we have forgotten about gauge symmetry. Convenient gauge fixing 
constraints are 

diAi = , 

f (A.5) 
d2 / dxiA2 = . 



Up to a normalization, the Faddeev-Popov measure will come from the following determinant 

det'{d^-i[A^,*]) , (A.6) 

which evaluates to 

R2 

The gauge fixing constraints in terms of KK modes read 



nn((A*%-^)'. (A.7) 



{r,m2} 
MO,r} 



(Ai 



where r ^ 0. Exactly one component of the gauge field is eliminated by these constraints, which 
means that M is now a 1 by 1 matrix with eigenvalue Y\ Yl ~ • From this it is 

obvious that the Faddeev-Popov determinant ()A.7p and the factor coming out of the integration of 
KK modes cancel exactly. There is no Vandermonde determinant. 



B Gas of Free Higher Spin Particles 

In this appendix we study the thermodynamics of a gas of higher spin particles in AdS3/CFT2. 
These theories possess both Wat primary and Wat descendant states; for simplicity we consider 
possible phase transitions due to descendant states. These are easiest to study in the case A = 0, 
which corresponds to taking /c — )■ oo first before taking N ^ oo. In this case no null states are 
removed from the spectrum and the descendant states live in the Wn versions of the Verma module. 
We rewrite the A = partition function (j2.18p in terms of the Wn characters 



1 



.(7V-l)/2 



N-1 

71=1 



n\n—N 



XNXN 



(B.l) 



with 



N oo Af-1 

= n 11(1 - '^") = n (1 - g-)^-p{qf-' , 

s=2 n=s n=l 



(B.2) 
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and 

P{q) = q'^^'vir)-' ■ (B.3) 

The prefactor in (jB.ip reflects the standard (cyhnder) normahzation where the ground state has 
dimension — c/24. The quantity in parenthesis encodes the density of states of Wn primaries, and 
the free Wat character is XN- The partition function 

Zir) = \XNir)\^ , (B.4) 

describes a gas of free higher spin excitations (the analogues of boundary gravitons). 

Let us first verify that this gas of higher spin particles reproduces the expected Cardy behaviour. 
We will do this by studying the higher temperature (/3 — )• 0) behaviour of xn- The asymptotics of 
P{q) are easy to determine. At high temperature 

P~exp(^^r' + ^log/3-^log27r-^/3 + ...) . (B.5) 

It remains only to understand the asymptotics of the polynomial prefactor. We will define its 
logarithm to be 

N~l N~-l 

n=l n=l 
oo N-1 ,j 

^ m 

m=l n=l 

m=l ^ ' 

This can be approximated as /3 — 0, as 

We see that at fixed N and large temperature {(3 — )• 0) the Wat character is dominated by P{N) 

logXjV- ^'^^"^V -^ + --- . (B.8) 
o 

This agrees with the free energy (|3.3|) in the large limit. 

We now wish to understand the robustness of this result in the large limit. We know that 
for any fixed A^ the free energy will scale like /3~^ at sufficiently high temperature, but we do not 
know how large /5 must be taken in order for this result to apply. It will turn out that F ~ /3~^ 
only when /? vanishes more quickly than A^^^ in the large A^ limit. In other words, Cardy's formula 
is only valid in the regime where the temperatures are large compared to A^. Moreover we will not 
find a phase transition as a function of temperature. 
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To see this, let us reconsider the formula for g above. We will scale the temperature with as 
f3 = jN~P where 7 is held fixed in the large N limit. It is straightforward to expand the polynomial 
appearing in g at large A^. Let us first consider the case p < 1, where we obtain at large 



m=l ^ 



where the . . . denotes lower powers of /3, which are subleading as /? — )• 0. The sum over m gives 







5~C(3)/3-'-^r' + ... • (B.IO) 
b 

Combining this with the asymptotic expression for P{q) we find that the f3~^ terms cancel. We are 
left with 



(B.ll) 



03) 

Let us now consider the case where p > 1. One can again expand g at large N, and in this case 
it is easy to see that the leading terms at large N are all positive powers of /3. The free energy is 
dominated by P{q), and we obtain the usual Cardy behaviour 

In order to understand the transition between these two regimes, let us consider the case where 
p = 1, so that (3N is held fixed in the large limit. In this case 

^ /'l - e"™^^ A^ 



771=1 ^ 

C(3) - Li3(e-^^) Nif^ 
/32 6~ 



/3-1 + ... . (B.13) 



Now, as I3N — )• we have 



Li3(e-^'')~C(3)-^A^/3 + ... , (B.14) 





so that g approaches a constant as (3N — t- 0. In this case the free energy has the Cardy behaviour. 
On the other hand, Li^[e~^^) vanishes exponentially when fiN is large. This leads to the non- 
Cardy, F ~ 1/{N(3^) behaviour. At intermediate values of pN the function Li^ is perfectly smooth. 
We conclude that when we take the large A^ limit with PN fixed, the free energy - regarded as a 
function of PN - smoothly interpolates between the two behaviours described above. 

It is worth noting that the behaviour described above does not constitute a phase transition in 
the usual sense, in that the free energy is a smooth function of (3 for each of the scaling behaviours 
described above. However, the free energy is non-analytic in the following sense. Instead of regard- 



^^The ". . . " terms in (|B.10[) actually contain terms of the form ^m"^ = ("(— d), with d > —1, which must be 
regulated using zeta function regularization. This is because, although g itself is a manifestly convergent sum, we 
have reorganized it here into a sum of divergent sums. 
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ing the free energy F{f3, N) as a function of /3 and N, we can let /3 = ^ and regard the free 
energy as a function of N, 7 and p. Then in the large limit at fixed 7 we have 



Thus, the free energy is not an analytic function of p, however it is important to keep in mind that 
the free energy at fixed p is an analytic function of 7, i.e. of the temperature. 
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